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and
F. Dorri-Nowkoorani,† U. Nobbmann,‡ B. J. Ackerson,§ and R. L. Dougherty

Oklahoma State University, Stillwater, Oklahoma 74078

The derivation of a correlation transfer equation is outlined. This correlation transfer equation comes
from multiple-scattering theory for the electric � eld � uctuations of light propagating through suspensions
of diffusing particles. The correlation equation is very similar to the radiative intensity equation. Thus,
radiative solution techniques are applied to obtain results for isotropic and anisotropic one-dimensional
media. For anisotropic scattering, a forward-scattering approximation is used along with the preaveraging
method for handling the single-scattering correlation function. Transmitted and backscattered results are
presented. Theoretical results are also presented for detection in directions other than direct backscat-
tering or direct transmission, and results are presented for the effect of refractive index. These predictions
are compared with another published theory and with experimental data for an expanded 514.5-nm laser
beam scattering from suspensions of 0.107-, 0.304-, and 0.497- m diameter polystyrene latex spheres.
For intermediate optical thicknesses, preaveraging theory yields good agreement with the experimental
data presented if the effects of refractive index are included in the theory. For small optical thickness,
polarization effects are important and need to be included in the future to yield acceptably accurate
predictions.

Nomenclature
at = total cross section, m2

D0 = Stokes– Einstein diffusion constant of spherical
particles in a medium, kBT/(3 d ), m2/s

d = diameter of particles diffusing by Brownian
motion through a medium, m

d = differential solid angle around the direction ˆ
E(ra, t) = scalar electric � eld at the location ra and time t,

N/C
f = fraction of forward scattering, Eq. (20)
ƒ = � eld scattering amplitude, Eq. (4)
G m = multiple-scattering � eld correlation function

mG i = multiple-scattering � eld correlation function at
the inner boundary of a medium

g 1 = single-scattering � eld correlation function
I = speci� c coherent intensity of radiation,

W m 2 Sr 1 Hz 1

i = 1
K = medium’s effective wave number, m 1

K = medium’s effective wave vector ( K = K ),
Eq. (5), m 1

k = free medium’s wave number, m 1

k = free medium’s wave vector ( k = k = 2 n/ ),
m 1

kB = Boltzmann constant, J K 1
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L0 = nominal optical thickness of medium, tz0

N = number of particles in the scattering volume
n = ratio of refractive index inside medium to index

outside medium
P = phase function for single scattering
q = wave vector, Fourier transform variable
R = Fresnel’s re� ection coef� cient
r = (ra rb)/2, m
ra, rb = position vectors (or observation points) in space

between particles, m
rd = (ra rb), m
rs = ( )/2, mr rs s

r , rs s = position vectors for a moving particle at two
different times ( and ), mt ts s

rsd = ( ), mr rs s

r0 = position vector on the boundary of medium
under consideration, m

s = parameter used in Fresnel’s equation
T = temperature of the medium, K
t = time, s
U = total intensity, W m 1 Hz 1

V = function de� ned in Eq. (3)
w = probability function
z = optical coordinate
z0 = maximum optical coordinate, i.e., true optical

thickness, tz0(1 f )(1 2 / 0)
z = physical coordinate, m
z0 = maximum physical coordinate, m

(r, rd, t) = mutual coherence function, E(ra, ta)E *(rb, tb) ,
N2/C2

(r, q, )˜ = spectral density in q space, Eq. (8),
N2 m3/C2

= Dirac delta
= viscosity of medium, Pa s
= scattering angle
= polar angle, measured to the inward normal to

the medium boundary
= wavelength, m
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= cosine of the polar angle
(r) = number density, number of scatterers per unit

volume at r, m 3

a = absorption coef� cient, m 1

s = scattering coef� cient, m 1

t = extinction coef� cient, a s, m 1

= correlation delay time, s
0 = characteristic time, 1/ , s2D K0 r

i(ra) = unscattered incident wave at ra, N/C
ˆ = unit vector in the scattered direction
ˆ = unit vector in the incident direction, or in the

direction of propagation
= single-scattering albedo, s / t

e = effective delay time-dependent albedo
* = complex conjugate

= ensemble average

ˆ = unit vector

˜ = Fourier transform
= dot product

Subscripts
a = related to observation point a
b = related to observation point b
c = coherent
i = incident
r = real part
s = at location s

Introduction

T HE statistical second moment of the electric � eld in ran-
dom media, termed correlation, provides important infor-

mation on the characteristics of the medium and the scattering
particles in it.1 From the measured correlation functions, one
can determine � uid/particle properties such as particle diame-
ter, � uid viscosity, and diffusion constant. These properties are
of paramount importance in various applications such as soot
formation in combustion systems.2,3 In addition, photon cor-
relation spectroscopy (PCS) or dynamic light scattering (DLS)
has also been used to study the thermal stability of aviation
fuels and the formation and growth of particles formed during
the thermal degradation of the fuel.4 However, the full poten-
tial of dynamic light-scattering techniques has not been ex-
plored because of theoretical complexities. Most of the theo-
retical work to date has dealt with the single-scattering limit,
i.e., the Born approximation.1,5– 7

Recently, the study of the time dependence of intensity � uc-
tuations in the highly multiple scattering limit, termed diffusive
wave spectroscopy (DWS), has been examined both theoreti-
cally and experimentally with success.8– 10 However, DWS pre-
sumes optically dense media and may not be interpreted in the
intermediate scattering regime.11 In addition, DWS theory does
not consider the wave number renormalization that is caused
by multiple scattering, as discussed by early researchers.12– 20

Through multiple-scattering theory, several early researchers
have established the relationship among the mean � eld bilinear
quantities and the speci� c intensity of radiation.13– 18 Although
the earliest paper on the subject of multiple scattering of waves
dates as far back as 1945,12 several subsequent papers have
derived the radiative transport equation from the multiple-scat-
tering theory.13– 18 Until recently,15,20,21 the connection between
the radiative transfer equation and the correlation function had
not been formally recognized.

In a previous paper, Ackerson et al.20 proposed a correlation
transfer (CT) equation that was heuristically developed by
modifying the radiative transfer (RT) equation. The � eld cor-
relation was found to satisfy an integral equation that is for-
mally similar to the RT equation. Exact and exponential kernel
approximation methods were used to solve a preaveraged CT
equation. This preaveraged form of the CT equation � ts the
DWS restrictions. A more rigorous derivation of the CT equa-

tion was reported by Dougherty et al.,21 and results were pre-
sented using a three-term Legendre expansion of g 1.

In this paper, the more rigorous approach in deriving the CT
equation, followed in a previous paper,21 will be brie� y out-
lined. This will be accomplished through a modi� cation of the
Twersky equation16 for the mean bilinear moment of the elec-
tric � eld,12,15 and with an appropriate choice of the probability
density.21

The CT equation has the potential to cover all ranges of
scattering, it can handle refractive index changes, and it also
can take account of polarization effects.22 A comparison be-
tween experimental and theoretical results will be presented
for correlation in both the transmitted and backscattering di-
rections for media of different optical thicknesses and with
different indices of refraction. Results will also be presented
for detection at angles other than transmitted and backscattered
in the normal direction.

Development
Consider a scalar � eld E(ra, ta) that � uctuates as a random

function of time ta and at location ra, a point in the medium
within a random distribution of N particles. The particles are
located at r1, r2, . . . , rN in a speci� ed scattering volume. It can
be shown15 that the coherent intensity is related to the average
of the square of the magnitude of the electric � eld E(ra, ta),
i.e.,

2 ˆU (r ) = E(r , t ) = I(r , ) d (1)c a a a a

4

The angle brackets in Eq. (1) denote the ensemble average of
E with respect to all particle locations r1, r2, . . . , rs, . . . , rN.

Multiple-scattering considerations lead to an equation for the
time-independent spatial � eld correlation function, also called
the mutual coherence function (MCF). In the far-� eld approx-
imation, the MCF is given by15,16

E(r )E *(r ) = (r ) *(r )a b i a i b

ˆ ˆ ˆ ˆ ˆV(r , )V *(r , ) (r )I(r , ) d dras bs s s s

4

(2)

where (rs) is the probability of � nding the particle s within
the volume element drs. The function V is de� ned by21

ˆ ˆ ˆ ˆV(r , ) = ƒ ( , )exp(iKr )/r (3)as as as

where i = , = (ra ), and is a unit vector inˆ ˆ1 r ras s

the scattering direction (ra ). ƒ is related to P through thers

following:

2ˆ ˆ ˆ ˆƒ ( , ) = (a /4 )P( , ) (4)t

Note that K in Eq. (3) is an effective wave number, which is
a complex number in general, and it is different from the real
wave number in the scattering-free medium, k(=2 n/ ). K can
be approximated by12,16

ˆ ˆK = k 2 ƒ ( , )/k (5)

when f is small, and where is the average number density.
This renormalization of the wave number is because of the
multiple scattering in the medium as compared to single scat-
tering.12

Ishimaru15 showed how the RT equation for the speci� c in-
tensity can be derived from the MCF equation [Eq. (2)] under
speci� c conditions. When the MCF is slowly varying as a
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Fig. 1 Scattering geometry for a particle moving within an elec-
tric � eld.

function of the correlation distance, rd = ra rb, it can be
related to the speci� c intensity, I(r, ), by13– 15ˆ

ˆ ˆE(r )E *(r ) = I(r, )exp(iK r ) d (6)a b d

4

where r = (ra rb)/2 is the c.g. coordinate.

Time-Dependent MCF

For a time-dependent � eld and for a particle moving within
that � eld, among a large group of uncorrelated particles, from
position and time , to , (Fig. 1), we can generalizer t r ts s s s

Eq. (2) for the time-dependent MCF as21

E(r , t )E *(r , t ) = (r , t ) *(r , t )a a b b i a a i b b

ˆ ˆ ˆ ˆ ˜V(r , )V *(r , ) (r , q, )as a bs b s

3exp(iq r )w(r , t r , t ) d q dr dr (7)sd s s s s s s

where = (ra ), = (rb ), and w is aˆ ˆr r r ras a s bs b s

conditional probability of � nding a particle at position forrs

time , the particle being previously at position for a cor-t rs s

responding earlier time . (rs, q, ) is de� ned by a Fourier˜ts
decomposition of the time-dependent MCF14,15

E(r , t )E *(r , t ) (r , r , )s s s s s sd

3˜= (r , q, )exp(iq r ) d q (8)s sd

where q represents the momentum transfer, = is thet ts s

correlation delay time, rs = ( )/2, and rsd = .r r r rs s s s

If we consider the special case for which the particles slowly
diffuse in a medium, the conditional probability is the Brown-
ian motion probability function23

2 3/2w(r , t r , t ) = (r , t )exp( r r /4D )/(4 D )s s s s s s s s 0 0

(9)

Substituting Eq. (9) into Eq. (7), while assuming that (ta tb)
is on the order of , we � nd

3 3˜ ˜(r, q, )exp(iq r ) d q = (r, q, )exp(iq r ) d qd i d

ˆ ˆ ˆ ˆ ˜V(r , )V *(r , ) (r , q, )as a as b s

2exp(iq r ) (r , t )exp( r r /4D )sd s s s s 0

3d q d r d rs s (10)3/2(4 D )0

where equations similar to Eq. (8) have also been substituted
for the terms E(ra, ta)E *(rb, tb) and i(ra, ta) *i(rb, tb) in
Eq. (7).15

Correlation Transfer Equation

In this section, we will employ a series of approximations
similar to those used by Ishimaru15 and shall derive the cor-
relation transfer equation.

First, let’s assume that the particles are moving with a ve-
locity negligible as compared to the speed of light and use our
assumption that (ta tb) is on the order of . Then we can set

and , where . For rˆ ˆ ˆ ˆ ˆ ˆ ˆ( )/2a b a b

rs >> d 2/ , this will allow us to use the following approxi-

mations21 for the phase of the V functions appearing in Eqs.
(3) and (10) (refer to Fig. 1)

ˆ2 r r 2 r r (r r ) (11a)a s s d sd

ˆ2 r r 2 r r (r r ) (11b)b s s d sd

2r r r r r r (11c)a s b s s

which gives

ˆ ˆ ˆ ˆ ˆ ˆV(r , )V *(r , ) (a /4 )P( , )as a bs b t

ˆexp( r r )exp(iK r )t s r d

2ˆexp( iK r )/ r r (12)r sd s

where Kr = (K K *)/2 is the real part of K, the extinction
coef� cient is given by t = at = i 1(K K *),15,21 Eq. (4) has
been used, and is assumed to be a constant.

Next, it can be shown that (r, q, ) is related to the � eld˜
correlation function (G m)20

m 2˜ ˆ(r, q, ) (q K )G (r, K , )/K (13)r r q r

where G m is de� ned by

m ˆ ˆ ˆG (r, K , ) = E(r, K , 0)E *(r, K , ) (14)r r r

where is the direction of propagation of the intensity.ˆ (=q/q)q

Substituting Eqs. (12) and (13) into Eq. (10) and in-
troducing spherical polar coordinates in q space, i.e., q =

and d 3q = q 2 dq d q, we obtainˆq q

m ˆ ˆG (r, K , )exp(iK r ) dr r d

m ˆ ˆ= G (r, K , )exp(iK r ) di r r d

mˆ ˆ ˆ( /4 ) P( , )G (r , K , )t s r

2 ˆexp( r /4D )exp( r r )exp(iK r )sd 0 t s r d

d dr drs sdˆ ˆexp[ iK ( ) r ] (15)r sd 3/2 2[(4 D ) r r ]0 s

Note that the three-dimensional integrals in the q space in Eq.
(10) were reduced to solid-angle integrals in Eq. (15) because
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of the delta function of Eq. (13). It should also be clear that
the intensity direction [see Eq. (13)] is equal to for theˆ ˆ

q

scattered ray and to for the incident ray.ˆ
If, in Eq. (15), d rs is replaced by r rs

2 dS d , where
dS is the elementary distance at rs in the direction of propa-
gation, and the integrals over the solid angle are recognizedˆ
to be transforms, we can equate the integrands on both sides
of the equation, yielding the � nal equation for G m

m mˆ ˆG (r, K , ) = G (r, K , )r i r

r

m ˆ( /4 ) G (r , K , )t s r

r 40

1 ˆ ˆg (K , )P( , )exp( r r ) dS d (16)r t s

where r0 is a position vector on the boundary and g 1(Kr, ) is
the single-scattering � eld correlation function de� ned as1

1 2g (K , ) exp( D K )r 0 r

drsd2= exp( r /4D )exp( iK r ) (17)sd 0 r sd 3/2(4 D )0

and Kr = Kr( ). For different applications, g 1 may takeˆ ˆ
different forms depending on the probability function chosen
for Eq. (9).

Equation (16) is an integral equation for the � eld correlation
function that is very similar to the radiation transfer equation
for intensity, with the effective phase function being the prod-
uct of P and g 1. Equation (16) reduces to the standard radiative
transfer equation for the special case of zero delay time, since,
for zero delay time, g 1 is unity.

Approximate Solutions of the CT Equation
In this section, we will consider only the one-dimensional

case, both for � nite and semi-in� nite media, and develop ap-
proximate integral equations for the correlation function that
will be solved using existing computer programs that were
developed to solve for the intensity of radiation. We will as-
sume azimuthal symmetry and will neglect the absorption in
the medium. Under these assumptions and using optical co-
ordinates, Eq. (16) becomes

m mG (z, , ; K ) = G ( , ; K )r i r

z 1

m( /2) G (z , , ; K )r
0 1

d dz1P( , )g (K , )exp( z z / ) (18)r

where is the incident correlation, z = tz is the opticalmG i

coordinate, z is the physical coordinate, is the cosine of the
polar angle (cos ), and is the single-scattering albedo,
which should be equal to one for pure scattering.

When the scattering particles are large compared to the
wavelength, scattering is peaked in the forward direction.
Thus, the phase function can be represented by a forward peak
combined with an isotropic phase function24

P( , ) = P(cos ) = 2 f (1 cos ) (1 f ) (19)

Radiative transfer researchers have used this approximation
with success in predicting laser-scattering data for the optically
thick limit.25,26 Equation (19) approximates an anisotropic
phase function that has a strong forward-scattering component,
such as the case for one-half- m particles exposed to a one-
half- m wavelength laser beam. f can be computed as24

1
f = P(cos )cos d (20)

4 4

Substituting Eq. (19) into Eq. (18), and carrying out the
preaveraging procedure20 for g 1, which is

1

m 1( /2) G (z, , ; K )[g (K , ) 1] dr r

1

m(2 / )G (z, , ; K ) (21)0 r

we obtain an equation for the correlation function similar to
the isotropic scattering RT equation for intensity, with the op-
tical thickness rede� ned as z = tz(1 f )(1 2 / 0) and an
effective albedo de� ned as e = /(1 2 / 0), i.e.,

m mG (z, , ; K ) = G ( , ; K ) ( /2)r i r e

z 1

d dzmG (z , , ; K )exp( z z / )r

0 1

(22)

Note that 0 = . Results are presented herein for Eq. (22),2D K0 r

with a Fresnel re� ective boundary condition, i.e.,27

m mG ( , ; K ) = G ( ) R( , n)G (0, , ; K ) (23)i r i r

where n is a relative refractive index (i.e., the ratio of index
inside the medium to index outside the medium). Gi( ) is be-
cause of the correlation crossing the upper boundary from out-
side the medium, G m(0, , ; Kr) is the contribution because
of the correlation that is incident on the upper boundary from
within the medium and re� ected into the medium by that
boundary, and Fresnel’s re� ection coef� cient is27

2 2 2 2R( , n) = 0.5[[( s )/(s )] [(s /n )/(s /n )] ]
2 0.5for (1 n ) (24a)

2 0.5R( , n) = 1.0 for (1 n ) (24b)

where

2 2 0.5s = [1 (1 )n ] /n (24c)

Note that the Fresnel re� ection coef� cient that has been used
assumes that the radiation is equally polarized in the vertical
and horizontal directions. After several scattering events within
the medium, an incident polarized laser beam will become de-
polarized. Thus, we have used a re� ection coef� cient that is
not representative for the � rst few re� ections of a polarized
laser beam, but becomes more representative of the radiation
as additional scattering events occur. Since our experimental
testing was conducted for multiple-scattering situations, the re-
� ection coef� cient of Eqs. (24) should approximate those sit-
uations reasonably well.

Results
All of the experimental data that will be presented here were

obtained from multiple scattering of a 514.5- m wavelength
laser beam. The sample was a 4 by 4 by 0.2 cm cell that was
� lled with monodisperse, micron-sized (0.107, 0.304, and
0.497 m) latex particles in distilled water.28 This sample was
exposed to an incident expanded laser beam 4 cm in diameter
to simulate one-dimensional conditions. Collection optics em-
ployed two pinholes followed by a photomultiplier tube. Ab-
sorption was assumed to be negligible for the latex particles,
i.e., the single-scattering albedo was unity. Thus, the optical
thickness and effective albedo reduce to z = sz(1 f )(1
2 / 0) and e = 1/(1 2 / 0).

Much of the experimental results (for a backscattered cor-
relation in multiple scattering media) demonstrate an exponen-
tial decay of correlation as a function of the square root of
delay time .20 Thus, in the following � gures, the natural log-
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Fig. 3 Transmission (z = z0, = 1.0): comparison of experimental
data with isotropic preaveraged theory ( f = 0, n = 1.331) and
anisotropic preaveraged theory ( f = 0.727, n = 1.331) for three
optical thicknesses, using 0.304- m spheres in suspension and a
laser wavelength of 514.5 nm.

Fig. 2 Transmission (z = z0, = 1.0): comparison of experimental
data with isotropic preaveraged theory ( f = 0, n = 1.0) and an-
isotropic preaveraged theory ( f = 0.727, n = 1.0) for three optical
thicknesses, using 0.304- m spheres in suspension and a laser
wavelength of 514.5 nm.

arithm of G m(z, , ; Kr) is plotted vs ( / 0)
1/2, where 0 is a

characteristic delay time, 0 = ( 1/D0k
2 for the sam-21/D K0 r

ples used herein). For calculating the experimental 0, Eq. (5)
shows that for small ƒ (as for the experimental samples stud-
ied herein), Kr is very close to k. Thus, for all of the results
presented, only k is needed for computation of 0.

Transmission Results

From the solution by the preaveraging technique [Eq. (22)],
transmission results (z = z0) in the normal direction ( = 1)
are shown in Figs. 2 and 3 for 0.304- m particle suspensions
with L0 of 5, 10, and 25, corresponding to volume fractions
of 0.125, 0.25, and 0.625%, respectively. [Note that because
z0 is a function of / 0, i.e., z0 = sz0(1 f )(1 2 / 0), the
numerical solution for correlation function at each / 0 requires
the use of a different z0. Therefore, the nominal optical thick-
ness sz0 = L0 is used to designate each case.] Figure 2 com-
pares the experimental data with the approximate results of
preaveraged theory. For the case of isotropic scattering ( f =
0) and unit index of refraction (n = 1), the data and theory are
in poor agreement, with the theory predicting a much faster
decay rate than that measured. This is expected because, in
addition to preaveraging, the effects of anisotropy and refrac-
tive index were neglected.

When the forward-scattering approximation is employed ( f
= 0.727, which was computed from Mie theory28 for this par-
ticle/laser wavelength combination), as shown in Fig. 2, the
deviation of the predictions from the experimental data is
much less than that from isotropic theory. In fact, the theoret-
ical results have changed so dramatically that they show a
slower decay rate than the experimental results. However, Fig.
3 shows that keeping the isotropic assumption ( f = 0) and
using an index of refraction different than one (n = 1.331) at
the incident light boundary leads to a slightly poorer agree-
ment, i.e., an increased theoretical decay rate, with the ex-
perimental data than for isotropic scattering and unit refractive
index (as from Fig. 2). (We have found that modeling the two
air– glass– sample interfaces as a single effective interface, be-
tween air and the sample, has yielded satisfactory predictions.)
Thus, it appears that for constant L0, the forward-scattering
approximation and the refractive index modeling have opposite
effects on the theoretical decay rate of G m, which suggests that

a combination of the two might superpose to better match the
data.

Figure 3 also includes a comparison between experiment
and theory for the transmission results of the correlation func-
tion when an index of refraction of 1.331 at the boundary is
assumed in the theory, and the forward-scattering approxima-
tion for the phase function [Eq. (19)] is employed with f =
0.727. The theory is in much better agreement with the data
as compared to predictions where one or the other of these
effects is neglected (Figs. 2 and 3). Although these results are
only for 0.304- m particle suspensions and use a simpli� ed
theory, they are very promising, and seem to indicate that cor-
relation may be applicable to a great range of scattering, from
single scattering to highly multiple scattering. A later section
will show results for other particle sizes.

Note that the � t of the data to the theory is better for large
optical thickness than for small thickness. This general trend
carries through the majority of our results and suggests that
another parameter may be affecting the results at small optical
thicknesses. One distinct possibility is polarization, which is
not included in this analysis; but a preliminary discussion of
this topic can be found in Ref. 22.

Backscattering Results

In Figs. 4 and 5, theoretical results and experimental data
for normal backscattering [z = 0 and = 1 in Eq. (22)] are
presented for � nite media composed of 0.304- m particle sus-
pensions having L0 of 5, 10, and 25.

For one set of theoretical curves in Fig. 4, the scattering is
assumed to be isotropic ( f = 0), and the index of refraction is
set equal to unity in the preaveraged theory. As expected from
the transmission results, this leads to poor agreement between
theory and experiment. However, it is worth noting that for
the case of an optical thickness equal to 25 the theory presents
the least disagreement with the data. This could be explained
by the very large number of multiple-scattering events that
occur in this optically thick medium where, even for strongly
anisotropic scattering, all propagation directions become
equally likely, and hence, the effective scattering approaches
the isotropic limit.

When the forward-scattering approximation [Eq. (19), f =
0.727] is included in the theory, as shown by the second set
of theoretical curves in Fig. 4, the agreement with experiment
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Fig. 4 Backscattering (z = 0, = 1.0): comparison of experi-
mental data with isotropic preaveraged theory ( f = 0, n = 1.0)
and anisotropic preaveraged theory ( f = 0.727, n = 1.0) for three
optical thicknesses, using 0.304- m spheres in suspension and a
laser wavelength of 514.5 nm.

Fig. 5 Backscattering (z = 0, = 1.0): comparison of experi-
mental data with anisotropic preaveraged theory ( f = 0.727, n =
1.331) for three optical thicknesses, using 0.304- m spheres in
suspension and a laser wavelength of 514.5 nm.

Fig. 7 Backscattering (z = 0, = 1.0): comparison of experi-
mental data with anisotropic preaveraged theory ( f = 0.858, n =
1.331) for three optical thicknesses, using 0.497- m spheres in
suspension and a laser wavelength of 514.5 nm.

Fig. 6 Transmission (z = z0, = 1.0): comparison of experimental
data with anisotropic preaveraged theory ( f = 0.858, n = 1.331)
for three optical thicknesses, using 0.497- m spheres in suspen-
sion and a laser wavelength of 514.5 nm.

is improved as compared to the isotropic theory. When both
the effects of refractive index (n = 1.331) at the boundary and
anisotropic scattering ( f = 0.727) are included in the theory,
the agreement with the experiment is much better as shown in
Fig. 5. As with transmission, the poorest agreement is at small
optical thickness. Note that these results and those for trans-
mission are shown for relatively short nondimensional delay
time ratios [( / 0)

1/2 < 0.25 or / 0 < 0.0625], and this is in
keeping with the preaveraging assumption [Eq. (21)] of the
correlation equation.20

Additional Particle Sizes

Figures 6– 9 compare transmission and backscattering the-
ory to data for 0.497- and 0.107- m particles, considering
nominal optical thicknesses of 3, 5, and 7 (corresponding to
volume fractions of 0.54, 0.90, and 1.26%, respectively). In

these � gures, the anisotropic factor and refractive index are
also included in the theory. Figures 6 and 7 give the transmis-
sion and backscattering results for the 0.497- m particle sus-
pensions (L0 = 10, 20, and 30 correspond to volume fractions
of 0.14, 0.29, and 0.43%, respectively), showing matches be-
tween theory and data that are not quite as good as those for
the 0.304- m particles. Nevertheless, the theory does a rea-
sonable job of predicting the data, especially for large optical
thickness, and demonstrates that the simple preaveraging the-
ory works quite well if refractive index and anisotropy are
included. The data and theory for 0.107- m-diam particles are
presented in Figs. 8 and 9 for transmission and backscattering,
respectively. The quality of match with data for transmission
is similar to that for the 0.304- and 0.497- m particles. How-
ever, the 0.107- m particle theory does not predict data well
for backscattering. This may be partially because of the much
smaller optical thicknesses that were investigated for 0.107-

m particles than for the 0.304- and 0.497- m particles. The
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Fig. 8 Transmission (z = z0, = 1.0): comparison of experimental
data with anisotropic preaveraged theory ( f = 0.132, n = 1.331)
for three optical thicknesses, using 0.107- m spheres in suspen-
sion and a laser wavelength of 514.5 nm.

Fig. 9 Backscattering (z = 0, = 1.0): comparison of experi-
mental data with anisotropic preaveraged theory ( f = 0.132, n =
1.331) for three optical thicknesses, using 0.107 m spheres in
suspension and a laser wavelength of 514.5 nm.

Fig. 10 Transmission (z = z0, = 1.0): effect of detection angle
on experimental data for optical thickness of 5 and 10; and com-
parison of this experimental data with anisotropic preaveraged
theory ( f = 0.727, n = 1.331) for an optical thickness of 10, using
0.304- m spheres in suspension and a laser wavelength of 514.5
nm.

smaller optical thicknesses may have allowed single-scattering
polarization effects (not included in this theory) to play a
greater role in backscattering than in transmission.

Nonnormal Detection

The effects of nonnormal detection measurements on the
� eld correlation function are presented in Fig. 10 for trans-
mission ( > 0) from samples with optical thicknesses of 5
and 10 (0.304- m particle suspensions). For an optical thick-
ness of 5 it can be seen that, as detection angle differs greatly
from direct transmission, there is a slight but decided increase
in decay rate. For an optical thickness of 10 this effect is much
smaller, with the theory having the same trend as for an optical
thickness of 5; whereas the data do not show a clear trend.
Since the spread in data (and theory) for an optical thickness
of 10 is so small, this probably indicates the limits of accuracy
with which the data can be taken.

The backscattered experimental measurements are not pre-
sented because there are no decipherable differences among
the direct backscattered theory curves as a function of detec-
tion angle and the data also show very little differences (for
an optical thickness of 10). Therefore, just as with transmis-
sion, only small optical thicknesses will exhibit decay rate
changes with detection angle; and even these effects appear to
be rather minor.

Comparison with Other Theories

We have compared CT theory with DWS theory in Refs. 20
and 21. In those publications, in� nite optical thickness, i.e., a
diffusion limit, CT theory was shown to compare well with
DWS, as expected. Since DWS was speci� cally derived for
the diffusion limit we do not expect DWS to compare well to
CT or to data for the small to intermediate optical thicknesses
studied herein. In addition to the preaveraging technique that
we have investigated, other approximate radiative transfer so-
lution techniques have been applied to dynamic light scattering
in multiple-scattering media. One such technique is the two-
stream approximation.29 In one dimension, this method as-
sumes two intensities, one in the positive direction and one in
the negative direction, similar to the two-� ux approximation.
However, as applied to correlation problems, the equations
must be solved for intensity, not for � ux.

Shown in Figs. 11 and 12 are the transmission and back-
scattering results for CT and the two-stream theory29 compared
to our data. In the two-stream equations of Ref. 29, the average
re� ecting probability of diffusing photons was taken as 0.4522
(suggested by the author to account for the two interfaces,
sample– glass and glass– air), the deposition depth was two-
thirds, the anisotropic factor ( f ) was 0.727, and the ballistic
re� ection probability was taken to be zero. As can be seen by
examining Fig. 11, CT is a slightly better predictor for trans-
mission data. Although Ref. 29 does not present a � nal equa-
tion for backscattered correlation function, it is possible to ob-
tain that equation by following a procedure similar to that used
in obtaining the two-stream transmission function. Integrating
the appropriate Ref. 29 backscattering equation yields the re-
sults of Fig. 12, which compares two-stream theory to CT
theory and our data. As can be seen, while CT theory predicts
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Fig. 11 Backscattering (z = 0, = 1.0): comparison of preav-
eraged CT theory ( f = 0.727, n = 1.331), two-stream theory (dif-
fusive re� ectivity = 0.4522, f = 0.727, deposition depth = 2 /3, and
ballistic re� ectivity = 0.0), and experimental data for optical thick-
nesses of 5, 10, and 25; using 0.304- m spheres in suspension and
a laser wavelength of 514.5 nm.

Fig. 12 Transmission (z = z0, = 1.0): comparison of preaver-
aged CT theory ( f = 0.727, n = 1.331), two-stream theory (diffu-
sive re� ectivity = 0.4522, f = 0.727, deposition depth = 2/3, and
ballistic re� ectivity = 0.0), and experimental data for optical thick-
nesses of 5, 10, and 25; using 0.304- m spheres in suspension and
a laser wavelength of 514.5 nm.

the data reasonably well, the two-stream theory appears inac-
curate.

Conclusions
The correlation of the temporal � uctuations of an electric

� eld in multiple-scattering media has been shown to be gov-
erned by an integral equation similar to the radiative transport
equation. To examine the effects of optical thickness, refractive
index, anisotropy, and detection angle, an approximate tech-
nique (termed preaveraging, of the single-scattering correlation
function) was applied to obtain simpli� ed solutions for the
electric � eld correlation function in isotropic and anisotropic
one-dimensional media. Preliminary results indicate that the
resulting theory can predict data quite well for 0.107-, 0.304-,

and 0.497- m-diam polystyrene latex scatterers suspended in
liquids.

Optical thicknesses from 5 to 30 have been investigated, and
agreement of data and theory is good, with the agreement gen-
erally improving as optical thickness increases. Accounting for
the index of refraction changes and employing a forward-scat-
tering approximation (isotropic scattering plus a forward spike)
as a � rst approximation for the anisotropic scattering character
of small particles in suspensions, is necessary for the preav-
eraged results to match data for short delay times. Employing
this very simple approximation for the phase function has led
to quite reasonable predictions of the experimental data. Thus,
for some applications, this approximation may reduce the com-
plication of using a more complex approximation of the phase
function.

Since CT has been shown to compare well with both the
data and DWS theory for diffusive cases,20,21 our interest cur-
rently is in those ranges between optically thin and diffusive.
From the results presented herein, CT has also demonstrated
better predictive capability for the intermediate optical thick-
ness data than a two-stream29 theory. However, CT does not
� t the data as well as expected for low optical thicknesses, and
we believe that this may be because of polarization playing a
critical role in these cases. A � rst step has been taken in adding
simpli� ed polarization to CT,22 and future work will see the
addition of full-� edged polarization.
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